Abstract. From a commutative associative algebra A, the infinite dimensional unital 3-Lie Poisson algebra L is constructed, which is also a canonical Nambu 3-Lie algebra, and the structure of L is discussed. It is proved that: (1) there is a minimal set of generators S consisting of six vectors; (2) the quotient algebra L/FL 0 0,0 is a simple 3-Lie Poisson algebra; (3) four important infinite dimensional 3-Lie algebras: 3-Virasoro-Witt algebra W 3 , A δ ω , A ω and the 3-W ∞ algebra can be embedded in L.
Introduction
The role of n-Lie Poisson algebra in string theory has received more and more attention in recent years( [1, 2, 3, 4] ). For example, the applications of n-Lie Poisson algebra in noncommutative geometry and the quantum geometry of branes in M-theory have been considered in [5] . The theory of n-Lie Poisson algebras provides an useful method to describe multiple M2 branes ( [6, 7, 8] ), and algebraical and geometrical structures of Nambu-Poisson manifold ( [9, 10, 11] ).
The discovery of 3-bracket in 1973 triggered a huge amount of innovative scientific inquiry. In [12] , N. Nambu first proposed the notion of 3-bracket for constructing the generalized Hamiltonian dynamics. In [13] , Takhtajan studied the algebraic structures in Nambu mechanics, and indicated the relation between Nambu mechanics and n-Lie algebras. In 1985, Filippov introduced n-Lie algebras ( [14] ), and then the structures are studied in [15, 16, 17, 18, 19, 20] . These earlier studies demonstrate a strong and consistent association between n-Lie algebras and n-Lie Poisson algebras. The n-Lie Poisson algebra comes from the concept of generalized Poisson (n-Poisson or Nambu-Poisson) structure which is naturally defined for n-brackets with an even number of entries, and parallels the properties of higher order generalized Lie algebras (or n-Lie algebras)( [21] ).
An n-Lie Poisson algebra is an associative commutative algebra with a totally antisymmetric n-Lie bracket satisfying the generalized Leibniz rule and the fundamental identity (FI) given in [14] . Actually, removing the property of Leibniz rule requirement for the n-Lie Poisson algebras, while keeping the fundamental identity, we get n-Lie algebras. Further, if the nbracket need not be anticommutative, we can get another useful algebras which are called nLeibniz algebras (or n-Loday algebras) ( [22, 23] ). Physically, the fundamental identity is a consistency condition for the time evolution, which is given in terms of (n − 1) Hamiltonian functions that determines derivations of n-Lie algebras( [24] ).
However, the main challenge faced by researchers is how to find n-Lie Poisson algebras. Since the multiple multiplication and Leibniz rule should be satisfied simultaneously, the structure of n-Lie Poisson algebras is more complicated than that of n-Lie algebras. So the construction of 3-Lie Poisson algebras as the special case of n-Lie Poisson algebras is very important.
In [25] , Curtright constructed a 3-Virasoro-Witt algebra through the use of su(1, 1) enveloping algebra techniques. In [26] 
Let A be an n-Lie algebra. For any
is called the left multiplication determined by x 1 , · · · , x n−1 . Thanks to (2.1), left multiplications are derivations.
is an n-Lie algebra;
• the following Leibniz rule holds:
If there is an unit element in (A, ·),
Recall Jacobian algebras given in [26] . Let J be a commutative associative algebra, D 1 , · · · , D n be commutative derivations of J, then the multiplication on J defined by (2.4) [
is an n-Lie Poisson algebra, and it is called the Jacobian algebra defined by commutative derivations {D 1 , · · · , D n }.
Unital 3-Lie Poisson algebra
Let A be a commutative associative algebra with a basis {L r l,m | l, m, r ∈ Z + 1 2 Z}, and the multiplication in the basis be as follows
Since for all r, l, m
Define the 3-ary multiplication [, , ] :
By the above notations, we have the following result. Proof. We only need to prove that (2.1) and (2.3) hold. By (3.4), for all Thanks to the properties of determinant, (2.1) holds. Since
In the following, L denotes the unital 3-Lie Poisson algebra (A, ·, [, , ]) in Theorem 3.1, and A denotes the 3-Lie algebra structure of L.
Now we give some symbols. Let
be 3-Lie subalgebras of 3-Lie algebra A generated by the subsets
respectively. Then
In [13] , authors gave the canonical Nambu 3-Lie algebra on R. Proof. Let
where
is an associative commutative algebra with the multiplication
Define the 3-Lie multiplication 
Applications of unital 3-Lie Poisson algebra L
In this section, we study some applications of L. We will prove that four important 3-Lie algebras: 3-Virasoro-Witt algebra W 3 in [25] , A δ ω in [29] , A ω in [26] and 3-W ∞ algebra in [27] can be embedded in L.
4.1. 3-Virasoro-Witt algebra. Witt algebra (centerless Virasoro algebra) is an important complex Lie algebra in two-dimensional conformal field theory and string theory. It has been generalized to higher arties as 3-Virasoro-Witt algebra in [25] . First we show that how to construct 3-Virasoro-Witt algebra by creation and annihilation operators a † and a. We know that a † and a have wide applications in quantum mechanics. Consider the Schrödinger equation for the one-dimensional time independent quantum harmonic oscillator
a direct computation yields that
For arbitrary differentiable function f (q), since
we have
Therefore, (4.2) can be reduced to
So the Schrödinger equation (4.1) becomes
Define the creation operator and annihilation operator as
then the Schrödinger equation reduces to
It is a simplification of the Schrödinger equation. Furthermore,
Thanks to (4.3) and (4.4),
where γ, β are parameters. Using the Nambu commutator and Eq (4.5), we have
Replacing the basis in Eq (4.8) with
and taking limit β → ∞, we get the 3-Virasoro-Witt algebra. 
where z is a parameter. Proof. From (3.4) and (3.5), we have
a 3-Lie algebra isomorphism. By a similar discussion to the above, Γ 2 : A 2 (0, 1 ; 1, 0) → W 3 (z = −2 √ −1) defined as the above is a 3-Lie algebra isomorphism. Therefore, 3-VirasoroWitt algebras W 3 (z = 2 √ −1) and W 3 (z = −2 √ −1) can be embedded in L.
The 3-Lie algebra A
δ ω constructed by an involution and a derivation. In this subsection, we study an infinite-dimensional 3-Lie algebra A δ ω which is constructed by a commutative associative algebra, an involution and a derivation ( [29] ). .7), and a direct computation, we have
Then we have
Therefore, 3-Lie algebra A δ ω can be embedded in L. 4.3. 3-Lie algebra A ω constructed by Laurent polynomials. Now we study the infinite dimensional 3-Lie algebra A ω which is constructed by Laurent polynomials in [26] Lemma 4.5.
[26] Let U be a vector space with a basis {U n } n∈Z over F. Then U is a simple 3-Lie algebra with the multiplication 1 2 ), defined by
is a 3-Lie algebra isomorphism, therefore, the 3-Lie algebra A ω can be embedded in L.
Proof. Thanks to Eqs (3.4) and (3.7),
By Lemma 4.5,
, τ is a 3-Lie algebra isomorphism, therefore, the 3-Lie algebra A ω can be embedded in L.
4.4.
3-W ∞ algebra. The algebra W ∞ is a higher-spin extension of the Virasoro algebra ( [30] ). In [27] , authors obtained a 3-W ∞ algebra by using "lone-star" product and commutative relations of generators in W ∞ and appropriate double scaling limits on the generators. ) defined by
is a 3-Lie algebra isomorphism. Therefore, 3-W ∞ can be embedded in L.
Proof. From (3.4) and (3.9), and Lemma.4.7, for
therefore, the 3-W ∞ algebra is isomorphic to A 5 ( 1 2 ) and 3-W ∞ algebra can be embedded in L. Proof. Let I be a nonzero ideal of the quotient algebra A /C 0 , and u ∈ I C 0 . Then we can suppose
Structure of unital
+ is true. We will discuss the case n = t + 1. Thanks to (3.4) , there are r 0 ∈ Z + 
Therefore, we have I =A /C 0 . The proof is complete. 
where 
The result 2) follows.
Proof. Apply Eqs (2.1), (2.2) and (3.1).
Lemma 5.5. L has the minimal set of generators
} is a minimal set of generators of L. 
